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研究発表
これ ら の研究発表 は ､ 平成1 3年度か ら1 6年度 の 4年間になされ た ､ 主と して 千
葉大学 に所属 して い る計画数学 の 研究者達 ( 中神潤
一 教授 ､ 蔵野 正美教授 ､ 安 田正賓
教授) と北九州市立大学 の 吉田祐治教授 の 4 名に よる共 同 の 研究成果 をまとめた もの
で ある ｡
本研究課題名 ｢フ ァ ジ ー 決定過程 にお ける頑健性構造の 理論と応用に関する研究+
の 研究成果 で ある｡
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A D is c r ete- Tim e Co nsu m ptio n a nd We alth M odel with
U n c e rtainty of Sto ck Pric e s
y. yos HID A§) M ･ Y ASUD A
†
,
J･ N A K A G A M I† and M ･ K ロR A N O‡
§Fa c ulty ofEc o n o mics a nd Bu sin essAdminisiraiio n, the Unive rsity ofKitakyu shu, 4
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Abstra ct: A m athe m aticaldyn amicportfolio m odel with u n c ertahtyis dis cu ssed･
In the u n certainty m odel, the r andom n ess a nd fu zzin ess ar eevalu ated sim ulta n e
-
o u sly co oper ating with both ofprobabilistic e xpe c七atio n and m e a n valu es withユ
ー
w eightingfu n ctio n s. Bydyn amic progr amming appr o a ch, w ederiv e an optim al ity
equ atio n for the optimalco n s u mption a nd w ealthpr oble m in afuzzy sto cha Btic
pr o c e
'
s s･ Ⅰ七is sho w ntha七七he op七im al七otalexpe cted utilityis a solutio n of the op
-
tim ality equ atio n u nder a re as on able ass u mptio n, a nd an optim al tr ading str ategy
is obt ain ed in the equ atio n･ A n u m e ricalex a mpleisglVen 七oilu str ate o u ride al
K eyw o rd: Un cert ainty m odeling) portfolio, c o n s u mption a nd weal th) trading
str ategy) fuz zy utility) fu zzy s七o cha8tic pr o cess) dyn amic pr ogr am m lng, pOSSibili七y
-
n e c e s sity w eig叫 pe ssimistic- optimisticindex･
1. Intr oductio n a nd n otatio n s
ln afin a n cialm arket,the portfoliois o n e ofthe m o stim po rta nt to olsfor the a set m a n
-
agem ent. static po rtfolio m odelshave be e nstudied by m a ny autho rs[6,1, 2, 11], using
lin e a rprogr am ming on the basis of Ma rkovitz
'
s model･ On the othe rha nd) dynamic
ap pr o a chesto the portfolio hav ebe e n studied by m artingale m ethod and
dyn a mic pro-
gr am ming([7]). Rece ntly, dynamicfin an ciale ngin e eringha sbe e nde v eloping o ntheba sis
of七he Bla ck-Scholeslog- n o r mals七o chaB七icdiffe r entialm odels･ flo w e v e riもis n ot e asy to
pr edict the futu r e actualprices･ When we sellor buy sto cks byi血 ernet
in afinancial
mirket
,
ther eso m etim es exists adife re n c ebetw e enthe actualprice s a ndthe 七heo r etical
valu e which de riv ed fr o mBla血 S d101es m ethods･ T hedi氏cul七y c o m esfr o mn ot o nly r a n
-
do m ness of fin ancialstocha stic syste msbut also u n ce rtainty which w e c annot repr ese nt
byonlyprobabilitythe o ry･ W hen the m a rke七 a re changin苧raPidly, thelo ses/
e rr o rs oRe n
be c o m ebigger betwe en 七hede cision m aker
'
s e xpe ctedprlCe 弧 dthe a ctu alpric e･ T hese
tosse s/e rrors o c ur, a nd one ofthe r ea sonsisbe c a u s ethe inv esto rs c an n otkn o wal in fo r
-
m atio n abo ut the stock m a rkets at c urrent tim e･ W he n w edeal withsyste m slikefin a n cial
m a rkets
,
fu z zylogic w o rks w ellthatthe m a rkets co ntain the u n c ertain fa cto rs which a re
differ entfr o mpr obabilistic es s en c e a ndin which七her e exists adifRc ultytoide
n七ifya ctu al
pric e v alu esex a ctly･ In this paper) probabilityis ap plied a
s the u n certainty su chthat
so m ething o c c u r sor not Withprobability) and fuz zin es sis ap plied a sthe
vagu e n ess su ch
that w e c a n n ot specify the ex a ct valu esbe ca u s e of ala ck of kn o wledge rega
rd ingthe
pr e s e nt sto ck m arket. Byintr odu cingfu z zylogicto the dis c rete-tim e sto chastic pr o c e ss es
fo rthe fin a n cial m a rket, w epre s e nt a n e w m odel with u n c ertainty of both r ando m n es s
and fu z zin ess
,
which is a r e a s o n able a nd n atu r al e xte n sio n ofthe original discr ete -tim e
sto cha stic pr o c e ss e sin Bla ck-Scholes m odel･
Ap plyingfu z zylogicto the po rtfoliois val idn ot o nlyfo r m a xi mizingthein v e sto r
'
s
con s u mption and w ealth but als ofo r a v oiding the w o rst s ce n a rio s which wil oc cur in
un c ertain e n vir o n m e nts
,
anditbrings u s a robu st as s et m a n agem e ntin u nc ertain en vト
r o n m e nts. To v alu ate thedyn a mic portfolio m odel, w e n e edtode al with optim altr ading
str ategiesin discrete-tim e stochastic pr o cess e s(Ro s s[10]and so o n)･ In this paper, w:e
pres e nt an optim alpo rtfolio m odelrega rdingdis cr et -tim esto cha stic proces se swith fuz zト
n e ss
,
a nd w edis cussthe optim altrading str ategies for dyn a mic portfolio m odel in the
fin a n cial m a rkets. In o rderto desc ribe thepo rtfolio m odel with fuz zin ess, we needto e x
-
te nd r e aトvalued r ando m v a riable sin probabilitytheo rytofu zzy r a ndo m v a riables, which
a re r a ndo m v a riables with,fu z zy n u mber value s. Weintrodu ce afu z zy sio chastic pro ce s s
byfu z zy r andom v a riablesto defin epric e sin dynamic po rtfolio model) and we evalu atethe
rando m n e ss a nd fu z zin esby probabilist c e xpe ctatio n a nd m e a n valu es with 入- w eighting
function sfr o mthe vie wpoint of Yo shida etal.[14].
In the n e xt s e ction
,
w eintr oduce afu z zy sto cha stic pro c e ssbyfu zzy r ando m v a riables
to define pric esin dyn amic po rtfolio model with u n certainty･ T he price s ar e calledfu zzy
pric e sin this paper･ T he r a ndo m n e ss a nd fuz zin e ssinthefu z zy sto cha stic pro c ess are
e valu ated bybothpr obabilist c e xpe ctatio n a nd m e an valu eswith 入
- w eightingfu n ctio ns･
hSe ctio n3, this pape rfo r m ulate s adyn a mic portfolio m odelwithu n c e rtainty･ InSe ctio n
4
, we consider an optimiz atio n pr oble m fo rthein v esto r
'
s con s u mptio n a nd w ealth, and
w e discuss about the optimaltotale xpe cted utilityfo rthe c o n s umptio n and w ealth･ By
dyn a mic pr ogr am ming, w e sho w that the optim altotal expected utilityis as olutio n of
an optim ality equAtio n unde r a r e ason able a 朗u mPtion ･ Fin ally, in thela s七 s ectio n, a
n um e ric ale xam pleisgiv en toillu strate o u ride-a.
We co nside r aportfo lio m odel with a bo nd and n sto cks, wher enis apo sitiveintege r･
In 仏e re m ainder ofthis se ction, w edesc ribe abondpric epr o c es s a ndsto ckprice pr o c e ss e s･
We dealwith a m odelwhe re aninv e sto r's actionsdo n othave a nyimpa ct o nthe sto cks,
s o-cal led sm all inv e sto rshypothesis([4])･ Le七T :- (0,1,2, - ･ , T)bethe tim e spac ewith
a n e xpir ation date T, and 汲 den ote sthe se七 of allr e al n u mbe rヲ･ L?t(fl, ･M , P)be a
probabilityspac?, w here ･u is a q
- 丘eldof ∩a nd P is an on- ato m lCPr obability m easu re･
Take a pr obability space 0 ‥ - (Rn ＋1)T＋1 by the pr odu ct of R･ Let a po sitiv e n u mber
r七 be an interestrlaie of a bo ndpric e at tim eifo ri - 1,2, - , T, and put abo ndpric e
pro cess(StO)T= obySo
O
- 1 and
t
st
o
:-Il(1＋ rs) fo rt - 1,2, ･ ･ ･ , T. (1･1)
s= 1
wedefin e sto ckpricepro cesses(Sti)T= ｡fo r stock i- 1,2, ･ ･ ･ , n a sfollo ws: Aninitialstock
price sるis a positiv e c o nst ant and sto ckpricesat po sitiv etim ei ar egiv e nby
t
st
i
: - sam(1＋ Ysi) for舌 - 1,2, - , T,
β = 1
(1.2)
where(YLi)T= 1is a u nifor mintegr able sequ e n c e of indepe ndentide ntic allydistri buted real
r ando m v a riableso nト1, ∞)･ A sequ e nc eof q - 鮎1ds(M 七)T= o on ∩is giv e n asfollo w s:
. Moisthe c ompletio n of(軌n)a nd ルー tfori - 1,2, - ･ , T de note the co mplete o･ -丘elds
ge n e r ated by rando m v a riables(YsiIi - 1,2, - , n;a - 1,2, - ,i). In this paper, w e
presen七 a po rtfolio model where sto ck pric epro ce ssesSi
i takefuz zy values usingfu z zy
r ando m variables, whos e m athe m aticaln otations a reintr odu c edin the nex七se ctio n･
2. Fu z zy sto chastic pr o c e s s e s
Fhz2;y r ando m variable s, w hich七ake valu esinfu z zy n umbers, wer efirs七studied byKw aker-
n aak[5] and ha vebeen dis cuss ed by m a ny a uthors【9]･ Firs七 w eintr odu c efu z zy n u mbe rs･
A fuz zy n u mbe ris de n oted byits m e mbershipfu n ctio n益 : 汲 ‥ [0,1】which is n o r mal,
upper- se mico ntin u ous, fuz zy co nv exand ha s a c o mpa ct sup po rt･ 7i de n otesthe s et of
all fu zzy n u mbers. In 七his paper, w eide ntify fu zzy n u mbe rs with their co r r esponding
m e mbership fun ctio n s. T he α- c u七 ofa fuz zy n u mbera(∈7a)is giv e nby
aα : - (x ∈ 汲Ia(x)≧ α)(α ∈(0,1】) a nd ao : - cl(x ∈汲Ia(T)> 0),
wher e cl de n ote sthe clo s u r e ofa ninter v al. We write the clo s ed intervals a s
菰
α
: -[茂吉,砿】 fo r α∈【0,1]･
He n c e w eintrodu c eapartialorde rと, s ocalledthefu zzy m a £ o rder, o nfuz zy n u mbers7%
([3])‥ Leta,呂∈7 nefu z zy n u mbers･ T hen,
益と
-
b m e a ns that 茂吉≧呂; apd 砿 ≧
～
b: for allα ∈[0,1]･
Her e(7a,と)becom e salattic e･ An addit o n, a s u
～
btractio n a nd a s calar multiplic atio n
fo rfu z zy n u mbe rs ar edefin ed as follo w s:Fo r氏,b ∈ 7aandi ∈ 汲, the addition and
s ubtra ctio nゐ土
-
a of 菰and石andthe scala r multiplic atio nEゐ ofE and 菰ar efuz zy n u mbers
glV e nbytheir α- c uts
(丘＋恥 ‥ - [丘言＋
～
b言,結 ＋ 軌 (a - ら)α : -[茂吉 -
a nd (軌 :-〈臨書a;き∃
ifE≧O
ifE< 0.
b:,砿 b=]
(2.1)
A fu z zy- n
～
u mbe r- valu ed m ap X : ∩ L. 7 us called a fu z zy ra ndo m v ariableifthe
m
～
aps u ワ X言(”) and ” - ～ ka
＋(”)ar e m e a su r ablefo ral1α ∈(0,1], whe re度α(”) -
[xa
-
(LJ),Xa'(”)]- (I ∈ AIX(LJ)(I)≧ α)([12】)･ Ne x七 w e n e edtointr odu c e e xpe ctations
of fu z zy r a ndo m v ariable sin o rderto de s cribe a po rtfolio m odel in the n e xtJ Se Ctio n･ A
fu z zy ra ndo m v a riablekis called inte写r ablybounded if bothLJ ‥ 度言(u)a ndLJ ‥ Xa
'(LJ)
a r eintegr ablefo ral1
～
c y∈(0,1】･ Let X be a nintegr ably bou nded fu z zy r a ndo m variable･
T he e xpe ctatio nE(X)ofthefuz zy r a ndo m va riable X isdefin ed by afu zzy n u mbe r
E(度)(x):- sup min(α ,1E(A)α(x)), I ∈ 汲, (2･2)
α ∈[0,1]
wher e E(度)α ‥ - [In 虚言(LJ)d P(LJ),/n 度a'(LJ)d P(LJ)]fo r α ∈(0,1=【9】)･ A s equ e n c e of
integr ablybou nded fuzzyr a ndo m v a riables(kt)T= ois also cal led afu zzy stochasticproce s ･
3. Co n s u mptio n pr o c e s s e s a nd w e alth pr o c e s s e s with u n c ertainty
ofsto ck prl C e S
●
In this s e ctio n
,
w eintrodu c ea m l七i-period po rt払1io model wher estockprlCeSha v e u n-
c e rtainty and w edis cu ssitspr operties. Leti - 1,2, - , n, and let(a
-
t
i)T= obe a sto chastic
pro c ess s u chthat0 < 6g(LU)< Sti(”)fo r al1 ” ∈ n･ W e give afuz zy stochastic pr o c ess
(Sti)T= . ofthe stockpric e sbythefollo wingfu z zy ra ndo m v a riable s:
Bt
i
(LJ)(x): - L((T - St
i
(LJ))/6t
i(LJ)) (3･1)
fo r舌 ∈ T
,
LJ∈ ∩ a nd x ∈ 汲, whe re L(x):- m a x(1 -1x‡,0)(∬ ∈ A)isthe 七riangletype
shape functio n and(Sti‡E= ois defin ed by(1.2)･ He n ce, fro mFig･3･1, 6ti(”)is a spr e ad of
tria ngularfuzzy m l mbe rs and it co r re spo nds to the a m o unt of fu z zinessin the sto ckpric e
pr o c e ss(Sti)T= o. T he α- cuts of(3.1)a r e
si
q
, α(LJ) -[St
8
,
,言(u),Bt
i
,
7
a
'(LJ)]- [St
i(LJ) - (ト α)6ti(LJ),Sii(LJ)＋(1 - α)6t
i
(”)]･ (3･2)
Figu r e3.1
Fig. 3.1. F uz zy r ando m v ariableSti(LJ)(∬).
No w w eintr odu c ethefollo w lng a ss u mptio nto reduce the c o mple xity ofco mputation
([13】)I
A s s u mptio n S. Leti - 1,2, ∴ , n . T he sto chas七ic proc es s(6ti)T=ois represented by
6t
i(”)‥- rlist
i
(LJ) for t ∈ T and LJ∈ n,
wher e 7fis a c o n s七an七 s atisfying0< 7
乞
< 1･
Figure3.2
Fig. 3.2. F uz zysto ckprice9t
i(LJ)(x)a nd Assu mpt･io nS･
on e ｡fthe m o st diaic ul七iesis estim ation ofthe a ctualv ola七ilites of the sto cks(Flo,
sect.7.5･1])I T herefore, itis re asonable that 七he siz eof fu z zin?ss 6i(LJ)depe nds on th
e
v olatility(Figs･3･1 and 3･2)I In this m odel, w?r epr esentby 巾 hefu z zine ss ofthe ap
‾
pr e ciate rate a ndthe volatilityfor the sto ckprlCeSt
i
,
and w e caln
i
afu zzyfa cto r ofthe
stockpric epr?cpss([13】)I T hu s･ w e subje ctiv ely estim atethe fu
z zy quantity ofthe sto ck
i with6芸 - げSt
bin Ass umptio nS･ Fr o m n o w o n, w e s up pose 七hat As su mption Sholds･
甘ll e n
,
the α-c uts(3･2)are w riセセe n 乱S
卑α(LJ) -【St
%
,
,
a
-
(LJ),卑:(”)]
fo r α∈[0,1], where
Bt
i
,
7吉(u) - sti(”)j=(1 - α)6i(w) - Sit(”)土(1 - α)叩
isi
i(”)･
we also r epr es e nt 七hebo ndpric eproces(SP)T= ｡ bythefollowing crisp nu mber
Sto(x):- 1(sto)(x), x ∈ R
(3.3)
(3･4)
(3･5)
f. ri ∈ T, where 1(.)den otes the cha r a cteristic fu n c
tio n of a set･ Let(jut)T- o be a
-
＋
sequ en c e of n o nde creasing s ub- g -fields of 〟 ) a nd fuzzy r ando m v a r
iable sSt
L
ar eル1士-
adapted, i.e . by(3.1)i七follo w sthat rando m v a riables苛まand 6ti are ルIt- m e a s u r ablefo r
α ∈[o,l . F hm(1.2),(3･4)and As um ptio nS, w e c a ntake JMt aBthe co mplete q
-fields
ge n er ated by rando m v a riables(Ys
iii - 1,2, ･ ･ ･ , n;s - 1,2, ･ ･ A ,i)･
Next w eintr odu cetr ading strategie s, co n su mption a nd w ealth fo rbo nd a nd sto cks･
w e a ss u m ethatthe se cu rities a r eperfectly divisible? and w e c o nsider a ca s e wher etheir
sh. rt sales a re allow ed. A trading strategy7T - (7Tt)T= . - ((打t
O
,
打i
l
,
･
-
,
7 Tt
n))T= ois a Rn' 1-
v alued Jut-pr edictable proce ss s u chthat
T T T
- 1
∑E(IqPl)< ∞ , ∑E(Lqi
iISt
i
)< ∞ a nd ∑E(Lqti.1ISti)< ∞ (3･6)
七= O i- 0 土- 0
f.r aili= 1,2, - , n . Her e 打t
O
m e a nsthe a m o unt ofthebondSP and 打t
i
m e a n sike a m o u nt
ofike sto ck S呈at tim e七･ In thispaper, w edeal with an opti miatio
n proble m r ega rding
- r
the c o nsu mptio n a nd 女e althin afuzzy wealthpro c e ss(i?i)T= ｡ defin ed byfu zzy r a ndo m
v a riable s
n
玩(LJ):- 打t
O
(LJ)SP(”)＋ ∑打ti(LJ)Sti(”) (3･7)
i= 1
fo
～
r i ∈T a nd LJ ∈ n･ T he n
,
bytakingtheir α- c uts, fr o m(2･1)itholds that VL,α(LJ) -
【v{a(LJ), 鶴(LJ)]fo r α∈[0,1], whe r e
n
乾(LJ) - 打tO(”)stO(LJ)＋ ∑(7Tti(LJ)土(1 - α)榊 ti(LJ)l)Sti(”)･ (3･8)
i= 1
A c o n su mptio npr o ce ss(et)T=
-
o
lisdefined by
n
et(LJ):- (打tO(LJ) - ”?.1(LJ)StO(LJ)＋∑(打ti(”) - 打g. 1(”)Sti(”) (3･9)
i= 1
for i - 0,1, - , T - 1 a nd LJ∈ ∩. T hen, fr o m(2.1), their α-cuts aregiv e nbyet,α(LJ) -
[ctTa(LJ),etTa(LJ)】with
n
銭(LJ)- (打P(LJ卜 qto. 1(LJ)StO(”)＋∑(打ti(LJ) - rti.1(”)土(ト α)ni一打ti(”) - 打ti.1(LJ)()Sti(LJ)I
i= 1
(3.10)
Let7be an Ju T - adapted realr ando m v a riable which isindepe nde nt to Ju T - 1 ･ T he n we
put a c rlSp r a ndo m v a riable
eT(LJ):- 1(7(”)) (3･11)
fo r LJ∈ n, and itis called ate r minalcon s u mptio n. Atr adingstrategy7Tis c alled admis sible
if
et(”)と6 (3･12)
for all七 ∈ T andLU∈ 0
,
wher e0 - 1(o)isthe crisp nu mbe r zero a nd とisthe fuz zy m a x
order･ T he condition(3･12)is clearly equivalent to the followingin equality:
CtTo(LJ)≧0 (3･13)
f
～
or al1i ∈T a nd ” ∈ ∩
,
w he reCtTo(LU)isthe left- e nd ofthe0- c ut ofthe fuzzy n umber
Ct(”)･ T he co nditio n(3･12)m ea n sthat compe nsatio n m?n ey o rsup ple m entary m o n eyis
notal 1o w ed at any tim e ev e nin c a s es ofthe w o rstsc e narlO S･ In thispape r, w eadopt the
admissible conditio n(3.12)in stead ofthe self-fin a n cing([8])･
Henc e we co n sider utility estim atio n ofc o nsu mption and w ealthinthe portfolio m odel･
Let盃 :- ト ∞ , ∞). A m ap Ul : T x 政 一 面is c alled a c o n s umption utiliiyfun ction if
Ul(i, ･)is c o ntin u o us,in cr e a sing and strictly co n c a v e o n(0, ∞)suchthat
lim Ul(i, C) - ∞ , 1
c
i
lT
Ul(i, c) ニ ー ∞ and Ul(i, C) - - ∞ ifc ≦0 (3･14)
C一寸 ∞
fo r al1士 ∈ T. Fu rthe r, a m ap U2 : A ‥ 汲is also called a tim e
-in v aria nt w ealthutility
fu n ctio nif U2is c o ntin u o u s,in cr e asing andstrictly c o n c a ve o n(0, ∞)su chthat
lim U2(w) - ∞ 恕U2(w) -
- ∞ and U2(w)ニ ー ∞ ifw ≦0･ (3･15)
W → C10
since the co n s umptio npr oce ssCt a ndthefuz zy w ealthpr o ces sVt take fuzzy valu es, fo r
their estim ation weintroduce theirfu z zy utilit e s01(i, ･):7a- 7L and62 :7a- 兄 by
Ol(i,a)(y): - sup 菰(x), y∈面 fo rま∈ T a nd 菰∈7a; (3･16)
3;: Ul(七,a)- ”
O,(a)(y): - sup ゐ(x), y∈雇 fo r丘∈7a･ (3･17)
3::U2(㌶)-7J
Let a
.
- (Sol,xl, - , x
n)beinitial s ecuritiespric es a nd let w be anini七ialwealth s u ch
that x甘 > 0 fo ral1 i- 0,1) - , n and w > 0, w her e x
Ois an ini七ialpricefo rbo nd a nd
∬
iis aninitialpricefo r sto ck i. Le七 7r - ((7Tt
O
,
7Tt
l
,
- ･
,
7Tt
n))T= ｡ be a n admissible tr ading
str ategy satisfying
n
∑xiq呂- w . (3･18)
i= 0
{■■
T he n
,
for ater minalco nsu mptio nCT SatisfyingCT ゴ VT,the s um ofthe expe ctedutilit e s
｡f七he co n s u mptio nproc es s(e*)T= o and七he te r minalweal七h 私 ‥ - 佑 - eTis giv e nby
E
8 ,-(&1(i,et,･62(WT,), (3･19)
where Ea 叩(I)isthe pr obabilist c expectation with atr ading strategy 打 S atisfying(3･18)
f.r initialsec urities prices 諾 a nd a ninitial w ealth w ･ W e n ote that(3･19)is afuz zy
n u mberby(2.1)a nd(2.2). T her efor e, w en e ed a n e stim atio n m ethod of fuzzy n umbers
bec au s ethefu z zy m ax orde rとin Se ctio n2 is a partialo rderbut n otlin e a r o rder o
n 7a･
N｡w w eintr odu ce m ea n v alu es of fu z zy n umbe rsfr o mYoshida et al･[14〕･ LetI be
the set ofalln o Iト e mPtybounded closed imier vals･ Leta:I ‥ 温be a m ap su ch七
ha七
g([x,y]):- 入x ＋(ト 入)y, [x,y]∈r, (3･20)
where 入is a co n sta nt satisfying0 ≦ Å ≦ 1･ Hen c e, gis called a 入- wei9htin9fu n ctio n,
and 入is called a pe simistic- optimisticindex and m e a n sthe pe ssimist
ic degr eein the
in v esto r
)
s decisio n m aking. Then) the m e an v alu e ofafu zzy n u mberゐ∈7a,
上
1
9(aa,p(α)dα/j
l
p( - (3･21)
is caledthe po sibility m e anvalu eE
P(a)a ndthe n e c essity m e an Ⅴalu eE
”(a)ifthefu z zy
m ea s u r ep(ct)dα o n[0,1]is take n as the possibility m e asu r e a ndthe n e c essity m e a s u re
r espe ctively. Fo r apa ra m et r ”∈[0,1], w eintr odu c e a m e a nvalu e
Eu(a): - レi
p(a)＋(1 - ”)E
N(a)･ (3.22)
He r e ”is called a po ssibility- n e c e s sity w eight･ T he n, ike m e a
～
n v alu e ofthe total expe cted
utilit es ofthe co n s u mption pr o c e ss(et‡T= o a ndthe w e alth WT at theter minaltim eT is
given by
J(a , w , ”
:
eT,: - Eu(Eq w(Sul(i,et,･U2(WT) ) (3･23)
for a ninitials e c u ritiesprlC e X) a ninitial w e alth w and an admissibletradingstrategy7r
s atisfying(3.18).
4･ The optim al c o n s u mptio n a nd w e alth u nde r u n c e rtainty
In this se ctio n
)
w ediscus sthefollo w ing OPtim alpo rtfolio pr oble m bydyn amicprogr a m-
ming([7,8]).
Pr oble m P(Optim alCon su mptio n and We alth Proble m). Le七人, ” ∈【0,1]a nd let
x beinitialse c u rities prices ･ M aximizethe totale xpe cted utilityJ(x , 叫 打 ,eT)by adm
_
is-
sible tr adingstr ategie s 7T a nd admissiblete r min alco ns u mptionseT, Whe r eJ(a,, w ,7T, CT)
is de丘n ed by(3･23).
Definethe optim alioial expected utilityby
J(諾 , W):- S u
～
P J(a , w ,7T,eT)
町,OT
(4･1)
for aninitialse cu rities pric e x a nd a ninitialw ealth w , where 7T a nd CT a re 七ake n ov er
admissible tr ad ing strategies a nd admissible ter minalc o n s u mptio n s s atisfyingtheinitial
co nditio n(3･18)I T hefollo wing re sults abo ut the m e an valu eEu(･)isfo und in[14].
Lem ma 4･1･ Le七 u
, 入 ∈[0,1]and a hlZ ZY n umber丘 ∈ 7a. Then, 七be m ean v alue
Eu(･) with the possibility-n ec e ssity w eigh七 u1and the pessimistic- opti misticinde x 入is
r epf eS e血ed by
Eu(a) -L
ュ
g(aa)p(a)dα -L
l
(^ aa
-
I(1 - 欄,p(a)dα , (4･2)
w ]
'
thp(α) - ” ＋2(1 - ”)(1 - α)fo r α∈【0,1], wber e入- weightingfun ction ais g]
'
v e nby
(3･20).
Let af amily ofadmissibletr ading str ategie s andterminalc o nsu mptionsby
A(i): - ((7Ti, rt'1, - ･ ･7T ,eT)Ies(LU)と6fo ralm ost allLJ∈f7and s - i, - ,T;eT ゴ VT)
fo ri ∈ TI To dis c u ssthe optim ality equ ationfo rPr oble m P, w edefin ethe m e an Ⅴalu e of
thetotale xpe cted utility afte rtim ei by
･
qler(i,:- E
u(Eq(童ps61(a,es,＋ PTU2(WT,.Mt)) (4･3)
fo rtr ading str ategie s 7T- (7r.,7Tl, - .7T)satisfying(7Tt,7Tt.1, - .7T ,eT)∈ A(i), where
En(･Iju t)is the pr obabilistic c onditio nale xpectatio n with the trading str ategy 7T at
c u rr e ntinitialtim e七･ By Le mm a 4･1, w e obtain 七hefollo w lng r es ults abo ut the total
e xpe cted utility.
I
r,eT(i)･
Le m m a4.2. Le七舌∈ T. The total expe cted utility(4･3)is r educedto
(
γ
I
q ,eT(i) - En( ∑cs ＋ RTI〟
s= =i
where re alrando m variables CB a nd RT arede血 ed by
Cs : -L
l
七), (4･4)
(入Ul(a, CsTα)＋(1 - A)Ul(s,esTa) p(α)血 , s - 0,1, - ･ , T; (4･5)
RT : -j
l
(入U2(Ⅵ石α)＋(ト ス)U2(WT α))p(α)dα (4･6)
withp(α) - LJ ＋2(1 - ”)(1 - α)fo r α∈[0,1]･
proof. Let α ∈[0,1】. Fto m the definitio n(3･17)ofU2,itholdsforthe α- c utsthat
E
q(&2(#T)IJut)α - Eq(&2(ThrT)αl.Mt) - Eq(U2(敢 ,α)Ijut)･
Sinc eU2is c o ntinu ous and in cr e a sing,it als oholdsthat
u,(敢 ,α)(LJ) - U2([WT
-
,
α(LJ),咋α(”)])
- 【u2(WT
I
,
α)(”), U2(叫α)(LJ)]
for LJ∈ ∩. T hus w eha v e
Eq(62(私)I,ut)α - [Eq(U2(咋 α)lMt),Eq(U2(晦α)lMt)]･
In the s a m ew ay, w eobtain
E
打(61(s,es)】仙)α -[Eq(Ul(s, CsTa)IMt),Eq(Ul(s,esTa)lM t)]･
T he n w eget
Eq($61(s,es,I &2(#T, W 七)α
- Eq(妻ul(s,es･a) - WT,a,
-
1M t)
-〔ET(iui(s,esTa)＋ U2(WT a)IM t)･ET(妻ut(s･esTa)＋ U2(WT a)IMi)]
fo ral1α ∈[0,1]. T hu s, by Lem m a4.1 a nd Fubini
'
s 七he o rem
,
w e obtain
･
q
･eT(i, - 丘
u(Eq(妻&1(a,es)＋U2(WT= 〟 t))
-L
1
9(Eq(iol(a,es,･02(kT, ～)α)p(a,da,
- L
I
E
q(A(童ul(a,esTa,･ U2(WT a))
･(ト 入)(妻ut(s,esTa,I - ) .M t)p(α)da
- Eq(妻cs ･ RT･仙)
with(4･5) and(4･6)I T her efo re, this c o mpliesthe pro ofof七hisle m ma. □
Let 舌∈ T･ Simi 1a rly七o(3･23), w eput
z(i, a,, u ,7T,eT):- Et,a,～,∬((”,eT(i))- E
y(Et･q u ,”(
T
∑βs
‾ t61(s,es)＋β
T ‾ tO,
s= 七
(wT'
().7),
fo rse c u ritie sprice s a:, c u r rentimitialtr ad ing str ategie s u - (uO, ul, - ,un)∈ Rn＋1, a n
admissibletradingstrategy7T - (7rO, ”l , - , 7Tn), a n admis siblete r minalco n s u mption 6T
s u chtba七
7T言 - ui fo ri - 0,1, ･ ･ ･ ,n (4.8)
holds at tim ei, * he reEt, 叫 ∬(･)is七he pr obabilistic expectatio n with a tradingstrategy7T
satisfying(4･8)fo r cu rr e ntiitials ecu ritiespric es a; a nd c u r re ntinitial七r adingstr ategies
u at 七im et･ T he n, Lem m a4.2 implies
･(ip , u , 汀 ,eT, - Et -(妻cs ･ RT)･ (4･9)
Now w edefine the optim altotale xpe cted utility afte rtim eiby
vt(a , u)‥=
(∬t,. . . . 謂)∈A｡t,
･'- , u ,”,eT' -
(汀土, ･ ･ ･ 器 ∈A(i,Et･ -(妻cs I R;4)1.)
fo ri - 0
,
1
,
-
, T, wher eCs and RT a r edefin edby(4･5)a nd(416). Now , w eobtain 七he
follo wing optim alityequ atio nsbydyn a micpr ogr am mlng.
Theor e m 4.1 (Optim al ity equat
'
io n). Rega rding Problem P, thefollo wing(i)a nd
(ii)ho]d･
10
(i) T he op七im a]totalexpected utilityis a s olutio n ofthefollo wingbackw a rd r e cursiv e
equatio n :
v毛(a , u)- m a XEt, 叩 ,汀(Ct＋ 叫 ＋1(Zt＋1, 7r叶 1)) (41 1)
1Tt＋1
fo rま - 0
,
1
,
-
,
T - 1
,
s e c u rities pric es a' - (xO, xl, - , xn) alld cu rTen h
.
nitiaJ
tr adings七r a七egies u ,
･
a nd a七u'1 e七eTmin altim eT itholdsthat
vT(訂, u) - m a X昂 叩(CT ＋ RT),
eT
(4･12)
wher eZt＋1isgiv en i)y
zt.1 : - (xO(1＋ rt.1), Xl(1＋Y!.1), X2(1＋Y3＋1), - ･ , Xn(1＋ Yi
n
.1))I (4･13)
(ii)Le七 7T* a nd年 be a n ad missibletrading strategya nd a n ad missible c on s um ptio n
a七七ainingthe m a xim ain(4.ll)昂nd(4･12)･ Thenitholdsthat
vo(a , u)- I(0, 諾 , u ,7T
*
,年) (4･14)
fo rinitialsecuritie sprice s 諾- (xO, 諾1, A ･ ･ ,xn)a nd c u rrentinih
-
a]tr ad血g strategies
u - (uo, ul, - , un)s atisfyl
'
ng
7To
m
- u
甘 fori - 0,1, ･ ･ ･ , n . (4･15)
fbrther
,
7T
*
a nd毎 w e opti
'
m al fo rPr oble m P:Le七 x - (∬0, ∬1, - , xn)be an血itial
se c u ritiespric e, and le七 w be a n血itial w e alth. Thenitholdsthat
J(x , w) -
､
u 慧 w vo(α , u), (4･16)
where
n
-
I
- ∑xiui - w (4･17)
i= 0
withthe 七r a 乃SPO S e u
J
of u - (uO, ul, ～ ･ ･ , u
n).
pr o of. (i)Le七f - 0,1, - , T - 1. Let 打 be an admis sible tr ading stra七egy amdleteT
be a nadmissible c o nsu m ptio n. Sin ce Ctis ル1t＋1 - adapted realr a ndo m v ariable which is
independent to JMt_ 1, by(4.10)w eha ve
v七(x , u) - m a X
7 Tt＋1,
-
.1rT ,CT
m aX
7Tt＋1,
･ ･ ･
. 打T ,CT
Et78･u ,q(Eq(ics･ RT･ヤ叶1))
Et7C ,u ,”(c - ”(silCs ･ RTI” -))
m a xEt
,
a,
,
u
,
打
7r七＋1
- m a xEt
,
a :
,
u
,,,
∬t 十1
(ci＋h.2㌍TT ,eT E打(皇cs ･ RT -))
(ct＋ 叫 2㌍TT,CT E- 1,Z - -(妾cs I RT))
m axEL, 叩 ,打(Ct ＋ vt十1(Zt＋1,7Tt＋1))
打七＋1
11
with(4･13)A Thu s w eget(4･11)I W hile(4.12)istrivial from
vT(cc, u):- m 琴 ET, 叫 打(CT ＋ RT) - m aX 既 ,也(CT ＋ RT).
･T ,CT eT
(ii) (4･14)is cle a rlyfro m(4･9) a nd(4･10), and(4･15)is trivial fro m (4.1) and(4.10).
The refore
,
a n admis sibletr adingstrategy7T
*
and an admissible c o nsu mption CSattain ing
the m a xim ain(4･11)a nd(4･12)a re optim alfわrPr oblem P. T hu s, 地epro ofofthisthe o r e m
is co mpleted. □
5･ A n ll m e ricale x a mple
T hefわllo wing n ll merical ex a mpleisde v otedtoilllユStr ate Ourideain Sectio n s3 乱nd 4.
Ex a mple 5･1･ W e c o n side r abin o mial m odel(Pliska[8, Se ct.3.5]). Let utilityfu n ctio n s
Ul(i, c):-i1ogc c> 0- o o c ≦0 fo r舌∈ T a nd U2(w): -i1ogw w > O- o o w≦0.
W edeal with abo nd a nd a stock(n - 1)･ Put an e xpiratio ndate T - 4a ndthetim e space
T - 〈0,1, ･ ･ ･ ,4)I Taketheinte rest rate ofthebo nd by ri - 0.03 fo r舌 - 1,2, ･ ･ . , T . Put
thefuz zyfa cto r ofthe sto ck by r]
1
- o･o4a nd letinitials e c u ritie spric e sx - (xO, xl) -
(45,20), wher e xOisforthe bo nd and xlisfo rthe stock. Let aninitial w e alth w = 1000.
Ass um ethat(Ytl)T= 1is a u niform s equ e n c e of indepe nde nt, identically distributed r eal
r a ndo m v a riables sudlthat
Y:: -(
e
ql
- 1 with pr obability p
l
e
- q
l
- 1 with pr
”
obabilty(1 - pl) (
5.1)
fo r舌 - 1
,
2
,
･ -
,
T
,
whe re p
l
- (1＋ rf - e
-
q
l
)/(eq
l
- ど
-
J
l
)with v olatility ofthe sto ck
giv e nby q
l
- o･15･ T he n w eha v eE(Yti) - r七for allt - 1,2, - ･ , T . T he optim altotal
e xpected u七ili七y J(a , w)atimitials e c uri七iespric es x- (45,20)cha nges?o r re spo nding七o
the pessimistic- optimisticindex 入(0≦ Å ≦1), whe r e入 m e ans 七he pe sl mistic degre ein
thein v e sto r's de cision m aking(see Table5･1).
Table5･1･ T he op七im altotale xpe cted utility J(a , w)
A - 1 入- 1/2 入 - 0
Thepo ssibility m ean EP , ” - 1 25.6797 26.3094 26.9391
T he n e c e ssity m ean EN , z' - o 25.3785 26. 181.27.0577
T he･c r edibili七y
■
m ean EC
,
i/ - 2/3 25. 793 26.9787 26. 790
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1Intr odu c七io n
Obje ctiv e fun ctio nsin de cision m aking are
T his paperpr es ents a m athe mati-
c alm odelfb∫dyn a micde cisio n m ak-
1ng With a n obje ctive fu nction in -
du ced fro mfu2;Zy pr efer en ces. T he
fu2;Zy Pr efer en c eis r elated to deci-
sio n m akingin arti丘cial intellige n c e,
andthispaper m odelshu m anbehav-
iorbas ed o nhis fu zzy prefer en ces.
To deal with fu zzy pr efere n c esin
dyn amic decision m aking brings u s
di艮cul七y which is different h:o m
stat,ic o n e sin cethe valu e criterio n of
fuzzy pr efere n c esin dyn a mic
lbehav-
io rtra n sfor m stogether with tim e
a nd i七 is fbr m ula七ed gr adu ally. A
r e aso n able criterio nbas ed onfu2;Zy
prefere n c esi form ulated fo rthedy-
n a micdecisio n m aking, a nd a n op-
tim ality equ atio nfb∫ this m odel is
deriv ed by dyn a mic pr ogr a m ming･
M athe matic alm odels sim ulatinghu-
m a nbeha vio r with his de cisio n m ak-
ing a re ap plicable to v ario u sfields:
robotics
,
c u sto m ers
t' behavior a naly
-
sis in m arketing, linguistic lea rni g
m odeling, m ulti- age nt sys七em s and
S O O n.
Keyw o rds:Dyn a micdecisio n m ak
-
ing, fuz zy pr efere n ce, pr efer en c e
utility, s c o r e r a nking, arti丘cial in
-
telligen ce, dyn a mic progra m m lng,
fu zzy n e ur alnetw o rks.
ge n erally utility
fun ctio n indu ced
Utility fu n ctio ns
m aker
'
s pers o n al
fun ctio ns a nd Lyapu n o v
fro m distances ([10, 16])･
are ap plied as decisio n
criteria in ec o n o mics and
m a n age m ent scie n ce whe n expe cted v alu es of
objectiv es are m o notonicallyc orr espo ndingto
ec o?omi?u七ili七ies([2, 10])I In syste m co ntr ol,
e ngln eerlng, etC. , the distan ces are u sed whe n
w e n eed to minimi2;ethe erro rsbetw e enthe
ta rgeta nd the c o ntrolled objects([16]). W he n
these objectiv efun ctio ns are applied, they are
glV e n u nderin v ariant valu e criteria･ This pか
perde als with decisio n m aker
'
s pers o n al fuzzy
prefere n cesin dyn a mic behaviorin stead of
thes e objectiv efun ction s([3]). To dealwith
fu 2;2;y Prefer en cesin dyn amic decisio n mak-
ingbrings u sdifRc ul七y whidlisdifferentfro m
s七a,tic o n e sin cethe valu e criterio n of fua2;y
pr efer en c esin dyn amic behavio rtra n sfor m s
together withtim e a nd itis for m ulated grad-
u ally.
T he fuzzy prefere n ceis､r elated to deci-
sio n m aking ln artific al intelligen ce. T her e
aごe at le ast 七wo kinds vie w sin artific al
intellige n c e(【1, ll, 14, 1 5])･ On eis to con -
stru c七 a n expert system which suppo rts hu -
m a nde cision m aking a nd wbi 血pr es en七s re
-
qu e stedinfor m atio n ashis co n s ulta nt, a ndthe
otheris to realize a sy tem which cogn12;eS
his en c o u nteringstatesin giv en en vir o n m e nts
a nd wbicb m akesdecisio nbas ed on llis o w n
re as o ning([12]). T his paperpr esents ady-
n a micdecisio n making m odelwith fu g;Zy Pref-
e r e n c e s which is design ed fo rthe latter sys -
t,e m. We dis cu ss a re as o n able criterio nbas ed
o nfu21Zy prefere n cesin dyn a mic decisio n m ak-
1ng. By dyn a mic progr a m mlng, W e als odis-
c u s s an optim ality equ ation fo rthe m odel in
a situ at.io n wher et.he decisio n 血akeris a c-
c u sto med to his e n vir o n ment. M athe m ati-
c al m odels sim ulatinghu m a nbeha vior arlSlng
fr o mhis decisio n m aking are n eed din v ari-
o u s丘elds: r obotics
,
c u sto m ers
' bebavio r a n aレ
ysISin m arketing, linguistic le ar nlng m odel
-
ing, m ulti- agentsyste m s ands o on([5, 19])･ In
比i§ paper, a dyn a mic decisio n m akig m odel
is design ed asfollo w s:
Step 1(Diagon o si): Obtain input data fr o m
per ceiv ed state.
Step 2(Cognition)･･ Appr甲im ate the per-
c eived state by co革niz able states a nd de-
cide c ogni2;ed cu rre nt state.
Step 3(Decide pref. & Look- ahead): De cide
prefere n cefor the state a nd m e m ori2;e
tbe state as the experience, wllich is all
initial and c ogni2;ed states. Calculate
tra n sitio n probability at cu rre nt state
wi七h actio n s.
Step 4:Es七im a七io n): Estim ate 七he r a nking
utility withpreferen ces.
Step 5:D e七erminta七io n): C ho ose a n a ctio n
and m o v eto the n e xt state. Go to Step
l.
In Section 2
,
weintrodu cebasic properties of
fu 2;2;y r elatio n s a nd fu2;2;y prefere n ces, a nd w e
dis cussa r anking m ethod ba sed o nthe m. Fi-
n ally, w e c o n sider a n exte n sio n of fu2;2;y Pr ef-
e re nce s and the r a nking m ethod. ln Section
3
,
w ei山r odu ce adyn a mic de cisio n m aking
m odel with fu zzy r efere n c es. Next, w e e sti-
m atethe sc o re r ankingfun ctionto establish a
scal ingfu n ction, a ndthe estim atio nis n eeded
to defin e a n objectivefun ctio nin Se ctio n4.
In Sectio n4
,
w edisc uss adecisio n pro cess
with fu zzy pr efer en ces o nthe r es ults of the
pre vio u s se ctio n s, a nd w ederiv e a n optim al
equ atio nfo rthe pr oble m.
2 Pr efe r e n c e a nd r a nking
In this s ectio n
,
w eintr odu c ebasic pr oper-
ties of fuz zy r elatio ns a nd fuzzy pr eferences,
a nd w edis c uss a r a nking m ethod bas ed o n
the m. Fin ally, w e c o n sider a n e xte n sio n of
fu zzy pr efer en ces and the r a nking m ethod for
a dyn a mic de cisio n m aking m odel. In this
m odel
,
the state s･are r epre s e nted byfu zzysets
be c au s eitisge n e ral lydifRcultfo rthedecisio n
m akerto kno w c o mplete infわr m ation abo ut
the c ogniz ed states/objects which he is c o n-
fr onted with. Letabe a c o mpa ctc o n v ex sub-
s et ofs o m eBa n a cb spa ce. T he attributes of
七be states/objects c a nbe repres ented asthe
♂-dim en sio n al co o rdin ates when the Ba n a ch
spa ceis taken by d-dim e n sion al Euclide an
spa ce温
d
. state s ar egiv e nbyfu z zy s ets o n
a. F b2;2;y S ets o na are r epr ese nted bytheir
m e mbership fun ctio n sa : a - [0,1]which ar e
upper-s e mic o ntin u o u s and satisfy七he n or m al-
ity c o ndition: m a x∈c ゐ(a) - 1([1 8])･ I(a)
de n o七es七he fa mily of all fuz zy s ets a o n a.
T hefu zzin essc au s es丘o mthela,ck ofdecision
m aker'skn o wledge abo utc u rre n七states a nd it
m odels that 也ere exist limitatio n sin his c og-
nitiv efa culty. By introdu cing the fu z zin ess
七o the repr ese ntatio n ofstates, w e c a n m odel
the v agtle n eSSfa ctors regardingfutu re states
a nd cu rr ent states. We c o n sidertw okinds of
states: Oneisper ℃eiv edLstaies a ndthe otheris
cogniz edstates. A pe rceiv edstate repres ents a
state o utsidethe system and a cogni2;ed state
r epres ents a S七a七ein side the syste m･ In this
s e ctio n
, ye deal with c ogniz ed sta七es･ Let S
be a s ubs et of F(a), which S ha sfinite ele-
m e nts ･ A m ap ” : S x S r )[0,1]is cal 1ed
a fuzzy relatio n o nS. F b2;Zy Pr efer en c es a re
defin ed byfu zzy r elatio n s o nS([3, 6]).
D efinitio n. A fu zz;y relatio nFL O nS is cal led
afu zzy prefer,e n c e r elatio nifits atisfiesthe
払11o wing c o nditio n s(aト(b):
(a)”(a,a) - 1 fo ral1 a∈ S.
(b)FL(a, C
-
)≧ min(FL(a,6), ”(石,a))for al1 ゐ,右,
∂ ∈ β.
(c)FL(a,6)＋FL(呂,ゐ)≧1 for all a,呂∈ s.
Her e
, ”(a･6)m ea n sthe d
_
egr e tha七 the de-
cisio n m aker likesゐt.hanb. We intr odu ce a
ra nking m ethod ofstatesfro m 乱 Viewpoin七 of
fuzzy prefere nc e, which is cal led a s co re ra nk-
ingfu n ctio n([3])I
D e丘nitio n･ For afu zzy prefere n c e relatio n
” o n S, the follo wing m ap r o nS is c alled
a s co re r a nkingfu n ctio n ofstatesinduc ed by
thefu z zy prefere n ce r elatio n”:
r(a) - ∑ (”(a,a) - ”(ら,a)) (1)
b ∈S:b≠a
fora ∈ S.
T he n
,
thefollowingle m m aholdsifSis alin -
e ar ordered s et.
Le m m al ･ Let s ha v ea linea r orderと.
De血 e arelatio n” o nS by
”(衣,ら)‥-i1 if ゐヒb0 other wise. (2)
T hen
,
thefollowing(i)a nd(ii)hold:
(i)FLis afLIZZy Preferen c e r e]a七io n.
(ii)Fo r丘,6｡ s, it holds 地at 丘 と古 ?
r(a)≧ r(a).
We consider a s ubs et C‥- (ci]i - 1,2, - , n)
of F(a)s u ch 七ha七 C has n el m ents a nd a
lin e ar orderと, where n≧2. LetFLbe afu z zy
relatio n o nど and let ㍗ be the s c or e r a nking
fu n ctio nindu c ed byFL:
r(♂) - ∑(FL(ci ,石卜 p(右,cTi)) (3)
古∈c
- i,i3･, (4)
3
'
-1
wher e ri3
1
:- p(c
i
,
67
'
) - ”(6?
I
,
cl) (i,3
'
-
1
,
2
,
･ ･ ･
,
n). Her e, the sc ore ra nking fun ction
r takes valu esin トn ＋ 1,n - 1]･ By using
r a nking m ethods r, w e c an c onsistently ex-
tendthe r a nking o nC 七o o n e o nC
′
wbicb ba島
finite ele m e nts a nd s atisfiesC c C
/
c 3:(a).
In the n ext s ection
,
w eintrodu ce adyn a mic
m odel wherethe n u mber ofcogniz able states
increases wi七h七im e. T hen, we ne ed a sc aling
ofthe sc or er ankingfu n ctio n rto n o r m alize
its v alu e r eglO n Which expa nds withtim eand
the n u mber of ele m ents in C. Sin cea has n
ele m e nts
,
w eintrodu ce a sc alingtra n slatio n
fn :トn ＋1, n - 1] ‥ 【0,1]by
fn(盟)‥- 爺 ＋芸 (5)
fo r x∈ トn ＋1, n - 1ト
Next
,
w e c o n sider abo u七 a fuz zy r elatio n and
a sc or e r a nkingfu n ction on a nexte nded state
C
'
. Let A de n ote the family of fuz zy s e七s 丘
which a re repres ented as
a -皇wic^
i= 1
(6)
withsom e w ei申tv e ctor(w
l
,
w
2
,
-
,
w
n)s at-
isfying∑?= 1 W も - 1･ In this paper,the syste m
m akesdecisio n m akingbyits elf. We de払 e a
fu z zy relatio np
'
o n a n exte nded s et C u(a)
asfわllo w s:
p
'
- FL O nC x C, il
l
(丘,a) - 1, (7)
n
p
/
(a,右)‥- ∑will(cJ ,右), (8)
i=1
n
p
'
(6, a):-･∑wip(柑) (9)
i= 1
fo ra ∈ C. T he co rr espo nding s co re ranking
fu n ctio n r
/for七he state a is
r
′
(a) - ∑(p
I
(a,6) - 〃
I
(云,a)) (10)
-
tI∈C/
- ∑(pJ(畠,右ト p'(ら,氏)l･ (ll)
右∈c
T he n
,
w e obt ain the follo w lng le m m a sin c e
this extensio nis applicable e ve n whe nthe or-
derと.is apar七ialorder o nC.
Le mm a 2. For the e xtended s cor e ra nkl
'
ng
fu n ctio n r′ 血du ced fr o 皿I/,it.holds 七hat
n rZ, n
r
'
(a) - ∑wir(ci) - ∑∑ wiri3
'
･ (12)
i- 1 i- 13
'
- 1
Ifthe w eights 七ake valuesin[0,1】, the n Ais
the s et ofco n v exlin e ar co mbin atio n s of C. In
this paper, w e c o n sider a c as ewhere w e ac-
c ept that the w eights w
i(1 - i,2, ･ ･ ･ , n)take
values n ot onlyin 七he 山 er val[0,1]bu七 als o
o utsidetheinter v al. T his exte n sio n e n able sto
c ognlZe new Objects o utside the pa st kno wl-
edge. T hu s, it will be possible to le arn n e w
obje cts in much wider scope 七ogetller With
tim e. We n eedto dealwith fu z zyr elatio ntab
ingv alu esin r ealn u mbers o1ユtSide[0,1]. How -
e v er, the sc aling ofthefu 2;Zy r elatio ns will be
do n etotal lyforthe s co re r a nkingfu n ctio n at
e a cⅠ1tim e whe n w e co n sider a criteri･o nbas ed
o n fuzzy prefer en cein Secrio n4 fro m es七im a一
七ion results ofsc or e r a nkigin Sectio n3.
･<
l
毎 ○
i
;4
ColユSe rV ative case
＼
(7
2
㌔
I;
;3
山 〆
r
β/
Exte ns)
'
ve c ase
ち
Figu r e1: Exten sio n ofthe c ogniz able s cope.
3 Dyn a mic de cision m aking m odel
a nd s c o r e r a nkig
In this se ctio n
,
w eintrodu c e adyn amic de ci-
sio n m aking m odelwith fu z zyr efer甲CeS anda
tim e spa ce(0,1,2, ･ ･ I , T). Next, w e e stim ate
the sc ore r ankingfn n ctio n七o establish a s caト
ingfu n ction, a nd the estim atio nis n e eded to
de丘n e a n obje ctiv efu n ctio nin the n e xt sec-
tio n･ Let So be as ubs et ofア(a)su ch that
So : - †cjLi - 1,2, - , n)has n el m e n七s and
a p artialorderと. ･ Sois called aninitialstate
space a nd iも is glV en a点 atrain m9 Set in a
le arning m odel･ Le七 po be afuzzy
～
prefere n c e
relatio n o nSo su chthatfo rfor菰,a ∈ So
FL(氏,右):-
1 if 丘a nd aar e co mpar able
a nd ゐヒb
0 if 菰a nd a are co mpar able
7
a nd ゐが
if ゐa nd aar ein co mpa rable
by the orde rと
(13)
with s o m el′ ∈【0,1]giv e nby the de cisio n
m aker･ W he n w edeal wi七b a ctu al data
,
if
a fuz zy r elatio ngiv e nby the de cisio n m aker
do es n ot s atis& the tr ansitiv e c o nditio n(b)
in the definitio n of fu z zy pr efere n c e s, o n e of
the r ea so n able m ethods is to ap plyits tra n-
sitive clos u re([3])I Let ま(- 0,1,2, ･ ･ ･ ,T)be
a c urr en七 tim e. An a ction space At at tim e
i(< T)is giv e nby a c o mpa ct s et of s o m e
Ba n ach spa ce. We deal with two kinds of
states･ Oneis peγ℃eivedstates o utside the sys -
te m andthe othe ris c o9niz ed statesinsidethe
syste m sin c ege n er ally there e xists s o m edif-
fere n c eb tw ee n七he m. T he c ogniz ed state is
co mputed fro mtheperceiv edstateby approx -
im atio n co mputatio n o nthebasis oftheimitial
states a nd the past state s. A七tim ei, a c u r-
r e nt co9nized stateis de n oted by s
o
t. Aninitial
state s
-
o isgiv enby a n ele mentin So . De丘n e
a fa mily ofsta七es untiltim e七 by St :- So u
(s
-
1, S
～
2,
･ ･ ･
,
S
-
i) - (己1, c
-2
,
-
, t
m
,a
-
1,S
～
芝,
-
I
, S
-
i)
fo r舌 - 1
,
2
,
-
,
T ･ Fo rt - 0
,
1
,
2
,
･ ･ ･
,T,
ui(∈ A七) m e a
～
n S an a Ctio n at tim e七
, and
ht - (s
～
o,uo, sl, ul,
･ ･ ･
,
S
～
ト 1,ut - 1, S
～
七) m ea n s
a histo ry with s七a七es s
-
o,s
～
1,
-
,
St a nd a c-
tio n s uo, ul, ･ ･ ･ ,ut _ 1. The n, a strateg yis a
m ap 7Tt :†ht) ‥ A七 Which is repr es e nted as
7Tt(ht) - ut for s o m e ut ∈ At. A sequ en ce
打 - (汀七)T=
-
l
l
of strat申 sis cal led a policy･
Letp
-
be a n o n n egativ e n u mber. Wedealwith
the c as e
'
w here a cu rr en七 cogmiz ed state s
～
七is
repres entedby alin e ar c o mbin atio n oftheini-
tialstates己1,iC
-2
,
-
,
(im and the past states
Sl) S2†
● =
)
sわ l:
n i - 1
s
一三- ∑ 榔 '∑ dtn･3
'
s
-
,
I
, (14)
i- 1 3
'
- 1
for s o m e w eightv e cto r(dtl, ai2, - ,dt
n ＋ト 1)∈
Rn ＋ト 1 s a七isfying 一 声 ≦ 碗 ≦ 1 ＋ p
-
(i -
1
,
2
,
･
･
･
,
n ＋t - 1)a nd ∑;=＋1
t - 1
切妻 - 1, where
w eput
喝 :-〈
1 ifs
-
o - (i
n
o ifs
-
o≠ ci (
15)
fori - 1,2, ･ ･ ･ , n ･ T he equ ation(14)m e a n s
that the c u rre nt cogniz ed s七a七e s
-
i is u n-
derstandable fro m the pas七 states Sト 1 -
(己1,e2, - I , tm , s
o
l, S
-
2,
-
,
a
-
ト 1), Which w e call
a n expe rie n ce s et･ T hen, p IS Called a ca-
pacityfa cto rr egarding 七he r a nge of c ogni2;-
able states･ T he c ogniz able ra nge ofstates
be co m esbigger asthe positiv e c o ns七a nt戸is
take ngr eaterin this m odel. T he r a ngeis m e a-
s u r ed by p
-
obs ervingtheinterval - p
-
≦ 曲芸≦
1 ＋p
-
･ Ifp
I
- 0 払r all 七- 1
,
2
,
I -
,
T
,
the sys-
te mis c o ns erv atie a nd the c ogniz able ra nge
ofstates at a ny tim eiis the s a m e astheini-
tialc ogniz able s c ope, which isthe c onv exfull
ofSo - (el, a
-2
,
-
,t
m).
Let a pe rceived state at tim e舌by o
-
七(∈ F(a)),
which depends o nthe a ctio n ut _ 1 七ake n at
the pr evio u s七im e七 - 1 since 七he actio n uト 1
affe c七s 七o the su rr o u ndings and 七he state ∂t
七o be per ceiv ed at tim ei. To determin e a
cogniz ed s七a七e s
-
i in t he fo r m(14)fro m ob-
s e r v ed data r egarding the perc eiv ed state o
～
t,
w eu s efuz zy r eu raln etw orks: First, w egiv e
a n input data fro mthe pe rceived state 6t by
((x
l
,
α
1
),(x
2
,
α2), ･ ･ ･ ,(a;L, αL))⊂ a x[o,1]
s u ch tha七 ∂t(a:l) - αl fo rl - 1,2, ･ - , L,
a nd n ex七 w e deter min ethe w eight vector
(ail, 掛 ･:, at
n 十 ト 1)in(14)s o asto mini mie
the 払11o w lng erro rbe七w ee n也 e data a nd a
cognizable valu ein(14):
畠(al -睦
i. - 1
碑 ＋∑
3
-
- 1
dt
n･j
s
-
i)(xl,)1
2
6
･
,
fro mthe str u ctur eof七he op七i mi2:a七io npr ob-
le m, a fu g;Zy r egressio n m ethod uslng n e u ral
n etw orksis ap plicable to(16)([4】).
S(
古1 al c
- 土 aT- 81 S2
Figu re2: Per ceiv ed states a nd c ognized
st
'
ates.
Ji
-
i.
To simplifythepr oble m, w eintr odu c e atra n s-
1atio n ofw eigh七s. Fori - 1,2, ･ ･ I , n , w ede丘n e
a s equ e n c e of w eights(wi＋1)T= o indu ctiv ely
by w昌:- 朝 and
w;:- at
i
.岩atn･1･jw5･ (1■7)
J- 0
(ま - 1,
.
2
,
-
,
T)･ T he n, w e c a n e a sily check
∑?= 1 W芸 - 1･ Le七t(- 1,2, ･ ･ ･ , T)be ac urre nt
tim e･ By(14)w ede丘n e afuz zy relation的 O n
Stbyindu ctio n o ni asfollo ws:
的 :- Fit - 1 O nSt_ 1 × St_ 1, Pt(s
-
i, a
-
i): - 1,
(1 8)
n ま - 1
的(a
-
i,氏):- ∑ 赫t(c” ,a)＋∑ 軒 3
.
pt(s
～
j,氏),
i- 1 3
'
- 1
(1 9)
n i; - 1
仙(丘,s
-
i):- ∑ 赫舌(菰, cJ)←∑ibt
n ＋3
-
pt(菰, s
-
3
1)
i- 1 3
'
= 1
(20)
for a ∈ St_ 1 . T he co mputatio n ru1e for the
exte nded fuz町 r elation s a七 七im eiis glVe nin
thefわllo wingle m m a.
Le m m a3･ PTor a c urrent 七im e舌(- 0,1,2,
-
I
,T)a ndaninitialstate o r apa s七stateゐ(∈
St_ 1),itholds that
n
pt(s
～
t,a) - ∑w至pt(ci,a) (21)
i= 1
a nd
n
的(a,s
-
i) - ∑wip七(a, cl･ (22)
i= 1
On e of the m os七 interesting proble m sis
whethercu re nt statess
-
i are repres ented by
o nlylin ear co mbin atio n s of.theinitialstates
in So :- (el,e2, - , ㍗). N am ely, it m eans
wbe比 er也 e 払Ilo wing Conditio nC 血olds or
n ot.
Co nditio n C (Co n s erv ativ e c as e). T her e
exists a w eight v e
.
ctor(wtl, wt2, ･ ･ ･ , win) ∈ 政n
s u ch that∑?= 1 W; - 1 a nd
s
-
i -皇僻
i= 1
fort - 1
,
2
,
･ ･ ･
,
T .
(23)
Pr opo sitio n 1.
Conditio n a holds
Supposep
一
血r 土ムe
- 0. T he n
,
weight ve ctor
(wil, wt2, - , win)g]
'
v e nby(1 7)･ Na nley, the
m odel is Con se rv ativ e c ase.
Re m a rk. In ge n er alw e ca 皿 eaSily checkthat
n n モ ー 1
∑w至c” - ∑申狩 ＋∑at
n'js
～
,
I (24)
i=1 i- 1 3
'
- 1
is n ot tr u e a nd Co n s erv ativ e co nditio n(23)
do es n ot hold. However, in any c as eLe m m a
3still holds. T his en ables u sto establish the
sc or e r a nking fun ctio n sin this model.
In this pape r, w e u s ethe s equ e n c e of w eights
(wilt- o in(17)r atherth an the seq†en c e of
w eig比s(項)T=＋oT
- 1in(14)fr o mthe v le WpOint
of Le m m a3･ T he n
,
thefollo w ingle m m agives
a c o mputatio n ru1e rega rding c apa cities.
Le m m a4. De血 e a sequ en c eofc apacities
(p七‡己1i,Y
pt＋1 - Pt＋ p6(1＋t＋ ipt) (25)
for舌 - 1, 2, ･ ･ ･ ,T ･ T hen,i七 ho]ds thaモ
ー
Pt ≦
w呈≦1＋ pt fo ri - 1,2, - , n;i - 1,2, - , T.
β
f
8
4 1 0
Figure3: Tra n slated capacityptforp
-
- 0.05.
Figu r e3 sho w sthat theinter valofw eights at
七im e七 - 1 0 is wider and abotlt卜pt,1＋p土】 -
ト8･13,9･13]co mparingtheinitial[0,1]when
w egiv e a c ap city p
～
- 0･05 in (25). T his
m ea n s七ha,t the c ogni2;ablera nge attains about
17.26 tim es ofthe ini七alr a nge after9 steps .
T he,c apacityter mptlS a nin cr ea 別 ngfun c七ion
off
,
a nd theincreaseis qorresponding七o 七he
fa cts that the r ange of c ogniz able states s
-
i
e xpa nds with tim ei. W hen a str ategy7Tis
glV e n, W edefu1ethe score ofa state s
～
t at tim e
i(- 1,2, ･ - ,T)by
rt(s
～
L): - ∑(pL(s
-
i, Cト pt(c,s
～
t))･ (26)
c∈S七
Her e w e obtain the follo wing repres e ntatio n
by w eights regardingthe sco re rt(s
～
t).
Le m m a5. Itholds that
n n モ ー 1 n n
r七(a
-
i) - ∑∑wirij ＋ ∑∑∑ wiw㌫γ豆j
i- 12
.
- 1 m - 1 i-12
'
- 1
.(27)
fo rt - 1,2, - , T, wher e rり isg]v enbyrり : -
ilo(c
i
,
6jト po(63
'
,
ei),i,i - 1,2, ･ ･ ･ , n .
T he fo llo w lng figu r e sho w s a n upperbo u nd
K(n,i)for the valu e r egion which the s cor e
r七(s
-
士)takes.
K(nJ)
80
60
4 0
20
3 9
Figu re4: The upperbo u nd K(n,i)of[ri(s
-
i)I
for戸 - 0･01a nd rL - 4･
Ifw egiv e4 initialstates a nd p
-
- 0.01
,
the
initialupper bo u nd ofLro(s
～
o)Iis 2n - 2 - 6･
Ho w ev er
,
attim e9
,
the up perbo u nd K(n,i)
isin cre aslng up tO 87.5451.
4 T he optim alityin dyn a mic
de cisio n m aking withfu 2;zy
pr efe r e n c e s
No w w e co n sider ade cisio npr o cess o nthe re-
sults ofthe previo u s s e ctio n s. By u slngfu 2;Zy
r ando m v ariables
,
w e c an m odelthe v agu en ess
factorsregardingfutu r e states wherethede ci-
sio n m aker c a n seiz and c urr entstate wher e
he will be a ctu ally c o nfr onted with. In this
se ctio n
,
bydyn a mic pr ogr a m m lng, W edisc u ss
an optim ality equ atio nin the m odelwher ethe
de cisio n m akeris ac c usto m ed to his e n viro n-
m e nt･ Fto m the vie wpoint of(23), the tran -
sitionis repr ese nted in a m a七riⅩ for mQt r e-
garding tr an slatio n of w eights: wt＋1 - Qtw七
fort - 0,1,2, ･ ･ ･ , T, wher e
Qt: -
wt :-｢苧
qt
ll
qt
12
qt
21
qt
22
qt
nl
qt
n2
) W七＋1:=
qt
ln
qt
2rL
qt
nn
/
′
wi
l
＋1
wt
2
＋1
､
wi
n
＋1
(28)
(29)
W e note that the w eights wt a nd wt＋1 depe nd
o n七heirhistorieshi a nd ht＋1r espe ctiv ely, a nd
Qt
-
is de cided by a. str ategy 打土 bas ed o nh七
sin ceper ceiv ed s七a七es∂什1 a nd 七he w eigb七s
w芸＋1 depend o nthe a ctio n ut･
No w w eintrodu ce a s c aling fu n ctio nfo rthe
sc or e r七 a nd w ede丘n e an expected valuefr o m
the res ults regarding sc or e ra nkingin thepre-
vio u s s ectio n. Fo r舌 - 1
,
2
,
-
,
T
,
w edefin e a
sc alingfu n ction
pt(x): -
a
2 K(”,i)
1
＋盲 (
30)
for x s atis&inglxl≦ K(n,i), wher eK(n,i)is
the llP perbou ndof[r七(s
～
t)Jgiv en byK(n,i):-
(n - 1)(2pt ＋1)＋(2pt ＋1) ∑諾1(2pm ＋1)･
T hen w eha v e.甲t(x)∈[0,1]. tlsingthe s c aト
1ngfun ctio npt, w e c a n七ake ab alan ce a m o ng
the s cor e r ankngfu n ctio n s r七(i - 0,1, ･ ･ ･ , T)I
No w
,
an e xpected tot alvalu eVo
7T(ho)isgiv en
by
了1
vo
q
(s
～
o):- ∑pt(rt(s
-
T) (31)
七= 0
for ho : - s
～
o a nd a str ategy7T.
Let i(- 0,1,2, ･ ･ ･ , T)be a cu rr ent tim e. To
derive an optim ality equ atio n, w eintr odn ce
totalvalu esVi
7T(h王)at tim eiby
T
vt
q(ht):- ∑ 伽(rm(s
-
㌫)). (32)
m =t
Ne xt
,
w ede丘nethe optim alto七alⅤalu esVi(ht)
at tim eiby
Vt(h七):- S upVF(ht)･ (33)
7r
T hen
,
w e obtain 七befbllo w lng equ ation.
T he o r e m1. Itholds that
Vt(hL) - S up Pt(r七(s
～
i))＋ Vi＋1(hi, ut, S
-
T＋1)
T｢
(34)
for舌 - 0
,
1
,
2
,
-
,
T - 1
,
a ユユd
VT(hT) - PT(rT(s
-
T)) (35)
ai;ter min alti血 e T.
5 Co n clu sio n
ln this paper, w eha vedisc ussed the follo w-
ings:
･ A m ethod 七o exte nd the cogni2;able
r a nge･
･ A criterionbas ed o nflm 2;y Pr eferen cesin
dyn a mic de cisio n m aking.
･ An optim ality equ atio nfor七his m odel de-
riv ed by dyn a mic progr a m m lng.
Mathe m aticalm odels sim ulating hu m anbe-
havio r with hisde cision m aking are ap plic able
七o problem sin v arious fields.
. For ex a mple, r obotics, c u sto m e rs
'beha v-
ioran alysisin m arketing,linguisticle ar n-
1 ng m odeling and so o n.
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Abstract･ Stimulatedby Zadeh
'
spaper(Jou rnalofSta tistical Plannl
.
'
ng a ndInference ,2 002,1 0 5, 23 3-264)I
we willtry to consider aperc eptive an alysis of the optl m alstop ping proble m. In this paper, the fu zzy
perceptio n v alue of the e xpectation ofthe optim alstop pedrew ard is characterizedaTldcalculatedbya n ew
re c ursiveequ ation ･ Also, a nu mericalex a mpledescribedbytriangularfuzzy n u mbersisglVen･
Eeyw ords:fu zzylperceptive stop pl喝 prOble m,fuzy random variable, fuzzy perception rew ard, optim al
stop pingtim e
1. IntrodtlCtion a nd Notation
T he s
.
top pingpr oble miモ a sto cha stic m odel is to m a xi miz eE(X8)QV e ral the
stoppl ngtim e sa for a gl V e n S equ e n c e Of rando m variablesX -(Xl,X2, - . ,Xn),
which w a s s olved elega ntly by many a utho r?, fo r e x ample(Cho w, Robpin s a nd
Si9gm u nd(1971))I H o w e v eモ,in pr a ctic e, w e ar e o触 n fa c ed withfherc a se thatthe
v alu e ofr a ndo m variable s ISPa rtially obs er v edbydim n e.ss ofpe r ceptio n o r me a-
s u r e m e ntimpre cisio n･ Fo r e甲mPle,in the clas sicalstopplng PrrOble m of-s elling o r
buyinga n asset(Ka rlin(1962)),the pric e
l
ofthe ass et m ay n otbe obse rv ed e x a ctly.
Us u allyitislinguistic ally a nd rough1y per oeiv ed thr o ugh n egotiation s e.g. abo ut
$10,000,thepric e co n side rablylargertha n$10,000, etc. Whe nit wiltake alo ngtim e
to m ake a n a ctualde cisio nfor thepr oble m, w e ar e stilw r ap ped in afrogof dim n es s.
Butim m ediatelybefo r e o u rde cisio n甲aking, thefog mistis cle a red up a nd w e･c a n
kn o wthet
.
r u e valu e oftheprlC e S Othat the optim alpr o c edu re couldbetake n. The n,
u nder dim n es sofpe r ceptio n o r m e a s u r e m e nti pr e cisio n, ho w c an w eestim atein
adv an cethefutu rerewa rd obtain edfr o mthe optim alproc edur e. A po ssible w ay of
handlings u ch a c aseis to us ethe fuzzy set(Zadeh(1965)), who se m e mber ship
functio n c an des cribetheperceptio n v alu e ofprlCe･ M otiv ated bythe exa mple oftlle
above
,
inthispape rw etrythe.pe r c eptiv e analysis(Ba s w ella nd Taylo r(1987), Zadeh
368
【1
i･
)t
KUR A NO E TA L.
(2002))ofthe sto
･
p ping proble min which fuzzy per ceptionis ac c o m od
ated･ In a
c. n c retefor m
,
if, fol
･
e a ch sequ e nc e of rando m variable sX - (XL, X2, ･ ･ ･ , X,7), the
pe rceptio nle velofX isgiven ,thefuz zy perc
eption value ofthe expectatio nE(XB･)of
the optim al stop ped r e ward is characterized and ca
lculated by a ne w r e c Ⅵrsive
equ ation, where∂
* is an optlm alstop plngtim e w･ r ･ t･ ∬ ･ T he abo v eproblem or
estim atingthe perception value will be c alledthepe r cepti
v eStOP PlngPr Oblem ･
In re mainde r ofthis s e ctio n, w e willglVe S Om e n otation a ndthe derlnitio n of a
fuz zy per c eption fun ctio n refe rring(Bas wella nd Taylor(1987)), by whichthe per
-
ceptive stop plng
･PrOblem is fo r mulated in the s
･equel･ Fo r n on
-perceptio n ap
-
proa chesto fuz zy stopping pr oble m s, referto o ur pr e vio
us w o rks(Ku r a no et al
(2002), Yo shida et al(2000))I Re c e ntlyZadeb w r ote a s u m m a ry pape rorpe rCeption
-
ba sedthe o ry(Zadeb(2002)I
For a ny set A, the fuzzy s et o nA will be den oted byits m e mber ship
fu n ctio n
a
-
: A → 0
,
1]. The α -c ut of a
～
is give nby a
～
α :- (x ∈ Ala
-
(x)≧ α)(α∈ .(0,1])and
a
-
. :- cl x ∈ AIa
-
(x)> 0), where cl(B)isthe clo sur e of a s?t B･ Fo rthethe o ry of
fuz zy se s, w e;efe;to(zadeh(1965))and(～D ubois a ndPr ade(1980))･
Let 陀bethe s et of allr e alnu mber s a nd 陀the s et ofall fu z zy nu mbers,1･e･ , r
-
∈ 陀
m e ansthatr
-
: 帆 - [0,1]is n o r m al, upper-semicontin uo usand fuzzyc onve x and has a
c o mpa ct s up po rt･ Let a be the s et of all bo u n
ded a nd clo sed interv als of R･
T he n,obviously for a ny f∈ 魚, it holds that r
-
a ∈ C(α ∈[0,1])I So, w e w rite r
-
a
=
【rT;, r?](α ∈【0,l])･
･ A partialo rder relatio n弓 on 由, c alledthe～ fuzzy m a x o rde r(Ra mikand良imanek
(1985)), is de&ned a sfollo w s‥Fo r s
～
,
r
-
∈ B%,s
～
# , ifs
～
a
-
≦ r
-
I a nd s
-
:≦ r
～
f
_
for al
α ∈【o,1]whe r es
-
a
- [s
-
aT,s
～
:ia nd r
n
a
- [r
～
=, r
～
:]･. He re, w e defin e mTtx(s
～
,r7∈ 陀 by
mTaTx(s
～
,r1(y):- s up(s
～
(xl)∧ r
～
(x2)) (y ∈ 陀),
∫卜ズ2∈
R
)曾 ･1
'
lV^
'
ユ
(1･1)
wher e a^
,
b
'
- min(aLb)and avb - m a x(a,b)for anア a,b ∈ 陀･ T he n,
itis w ell･
kn o w n(Ramik a nd Riman ek,(1985))that s
～
*
～
_
ifa nd o
～
nlyifr
～
- mEIs
～
,r
-
)･
Let(a,.M, P)be apr obabilityspa ce･ A m apX‥0 - 柁is c alled afuzzy p～e r c eptio n
fun ctio nif fo r e a ch α･∈tO,li the m aps a ∋ _a - 希(a,_)a nd f2∋ a - X:(a)are～
.M _ m e as u r able fo r all α ∈【0,1], whe r e Xa(a,) - [Xa
-
(a),希(a)]･･ - (x ∈ RIX
(Q')(x)≧ ”). Le tg bethe s et o_fall integr able r ando=m v_ariables on
■
(a, A ,P)I Fo r
a ny fuz zy pe r c eptio nfunction X,the e xpe ctatio nE X∈ 陀isd 血
ed by
Ef(i) - s upp(i)(x), (1･2)
Xe9
-
E X= A'
wher eP(i)is afu z zy set of ga nd defin ed by
p(i)(x)- 喪£X(a)(X(a))I for all X∈ g ･ (1
･3)
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Obviously, w ehave
E(i,a -[/fa-(a,d P(a),/ia･(a,dP(”,], (α ∈[0,1J)･ (1･4)
Note that afuz zys etP(i)on g is c alled fuzzyr
.
ando m variableindu cedi(Bas well
a nd Taylor(1987)). Regardingthe a n other(equiv ale nt)definition of fu zzy ra ndo m
v ariable s
,
we referto(K w ake r n aak(1978))a nd(Pu ri a nd Ralescu(1986)). In this
papery the dennitio n of fuzzy ra ndo m v ariable sfr o m,,a perceptiv e sta ndpointby
(Bas wella nd Taylor(1987) is adopted fo r modeling a fu zzyperc eptive stopping
pr oble m.
2. Stopped Ftu zyPer ception Re wa rds
Let gn be the set ofalln -dim en sio n alr o w v e cto r swhose ele ments a rein g
,
i. e
リ
q
'7
- (X - (Xl,X2, ･ ･ - , Xn)lX, ∈ g, t - 1,2, . . . , ”).
A r a ndo m v a riable q :f2- Nn :- (1,2, - , n)is sai dto be a stoppingtim e corre-
sponding to X - (Xl, X2, - ,Xn)∈ g
n if(q - k)∈ @(Xk)(k - 1,2, … , n) wher e
Xk - (Xl,X2, ∴ I , Xk)and a(Xk)isthe q一点eldo nn gen e r ated bythe rando m vecto r
Xk･ T he set ofs u ch stop pingtim e swilbede n oted by ∑〈X)･
T he m ap
l∂ o n gt7 with a(X)∈ ∑(X)for all X∈ g'7is c alled a stopping tim e
fu n ctio n･ A stoppingtim e functio na is m o n ot n eif fo r a ny X - (Xl, X2, - , Xn),
Y - (Yl, Y2, - , Yn)∈ g
n
with X≦ Y,i･e. , Xt≦ Y,(i - 1,2, … ,n)P- a .s. , itholds
that E X8≦ E Y6, Whe r eX8 : - X8(X) a nd Y8 :- Y8(Y)･
Fo r a ny X - (Xl,X2, - ･ ,X,7), Y - I(Yl, Y2, - I , Y,,)とu
n
a ndP∈【0,1]{let
Z :-βX ＋(1 - β)Y
-(βXl＋(1 - β)Yl, … ,βXn ＋(1 - β)Yn)∈ gll.
The n a is c alled c o n v e xif E Z8 ≦βE X8＋(1 - β)EY8 for al β∈【0,1】, whe re
Z - (Zl,Z2, - ,Zn)a nd Z8 ‥- Z8(I) I T中e set ofallm o n ot n9 a nd c o n v e x stop ping
tim efun ctio n s willbede n oted by A.
Let音 - (kl,f2, - ･ ,fn)be a s equ e n c e of f
～
uzzy per c eptio nfu n ctio n s･ Fo r a ny
a∈ A
,
thea-stopped fu z zy per c eptio n re w a rd X6isdefin ed by
島(a)(x):- sup (ガ1(a,)(Xl(co))∧ ･ - ∧克(a)(xn(co))･ (2.1)
XB(0)- A
'
X-(Xl･ ･ ･ ･ ,Xr')∈Lq
ll
N ote thatXB(a)(x)m aybe afu z zy s et o n陀but n ot n ec es s arilya fuzzy pe r ception
functio n.
370
similarlyas(1.2), w e de艮n ethe expected value ofX8(”)(x)by
EX6(x): -
E
S
(
tip,.空£〈X8(”)(X(”))･
X ∈9
-
K U R A NO E T A L.
(2.2)
For e a ch 望∈【0,1】, w e use n otation sthat ka
-
:- (xT
,
α,
- ,X,;a～)∈ g
'7
and 煎 : -
(希∝, - , xE∝)∈ g
'7in c o mpo ne nt wise, wher ethe α
- c ut of Xk is de scribed by
fk,α - 【XkT,”,卑∝】.re spectively･
TH E O R E M2.1 For a ny a∈ A, itholds that
(i) E Xi ∈ 陀 and ～
(ii)(E X8)α - [E(( 石)∂ ,E((X:)∂)】fo r a∈-[0,1]･
Fo rthepro ofof T heo re m2･1, we ne ed se v er alprelirlin a rylem m as･ He r e, w eput･
fo r e a ch α ∈【0,1],
z α(β):- β宕 ＋(1 - β)i; (β∈[o,1])･ (2･3)
Lem ma2.
l
l Fo r any∂∈ A,E(Za(β)∂)is c o ntin u o u s withr espect toβ∈【0,1]:
pro of: Fo r a nyP,P
'
with O<
_ P<P/ < 1,
z α(β′) --号諾か(1 -Ei)z∝･(β)･
so
,
fr o mthe m o n oto nicity a nd c o n v e xity of ∂∈ A, w eha v efor 0≦β<β
′
< 1
,
E(Z α(q)6 ≦ E(Z
α(β
'
)∂)
･告諭((孤)＋(. - H)E(Zαモβ,∂',
&hich implie sthatl
q5E(Z
a(β
′
)∂) - E(Z
a(β)∂)･
simila rly, w eha vefo r0≦β
′′
< β< 1,
E(?
a
(G,a,≦仁宗E((i:)a ＋(ト 糊 E(Zα(β′′)a)I
T hu s
,
itholdsthat
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o≦ E(Z
∝
(β)a, - E(Z
∝(β
′′
)a)≦午諸(E((A:)∂) - E(Z α(β′′)a))
･告諸(E((Xa･)a) - E"ka
-
)a))I
Thus weget粍E(Z
a(β
′′
)∂) = E(Z
a(β)a)･
Thefollo winglem mafollows e asilyfr o m(2･1)a nd(2･2)･ @
Le m ma 2.2 For anya∈ A a nd α ∈[0,1],itholdsthat
(Ek6)α -〈E X6IX - (Xl,X2, . ･ ･ ,X,,)∈ g
n
,
xt(a,)∈[苑(a,),戟(a,)] fori - 1,2, - ,”)･
The pr o ofof The or em 2･1 Sin c e(ii)m e a n s(i),it s unc e sto sho wthat(ii)holds･ By
Le m TTa 2･2 a nd m o n ot nicity of 8,
thein clu sio n ｡ of
-
(ii)isim m ed-iate･ Als o, the
inclusi o n⊃ follo wfr o mthe obs er v atio nthatZ
a(1) - X:, ど(0) - Xa
-
and Le m m a
2.I. □
By T he or em 2･1, we obse rve that E Xb
･ ∈ 陀fo r all ∂∈ A･ Here we c a n spe cifythe
perc eptiv efu z zystoppl ng Pr oble min vestigated inthe nexts e ctio n :
Theproble misto
′ 〉
m a ximize E X8fo r all a∈ A with r espect tらthefu z zy m a x order l< o n陀･
3. Optim al FtlZ ZyPerc eptio nValtleS and Rec u rsive Equations
′ 〉
In this sectio n, for a ny glV e n S equ e n c e Of fu zzy per ceptio n fu n ctio n sX
-
(i.,f2, … , fn), w efind,the optim alStoppingtim efu n ctio n∂
*
andto char a cte rize
the optim alfu zzyperc eption value E XB･ I
Fo r ea ch s equenc e of ra ndom v a riable sX - (Xl,X2, - ,Xn)∈ g
t7
, we de n ote by
∂
*
(x)the optim alstoppingtim eforX(C ho w,
Robbin s a ndSiegm u nd(1971)), which
istho ught a s astoppl ngtim efu n ctio n･
Lem m a3.1 ∂
*
∈ A.
pr o of: Fo r X - (Xl,X2, … , Xn)∈ g
n
, in v olving X, w e define the sequ e nc e
iγ芸 - vli-)(X))
1
;=1by
γ7,(X)- X”,
Tux, - - ax〈;k,E[ynk･l壷(xk,]iI(k - n - 1, ･ ･ ･ ,.,,
(3.I)
wllereXk - (Xl,X2, . . . , Xk). T hen, bythe u s u althe o ry of optim alstopping pr ob
-
le m s(Cho w, Robbins and Siegm und(1971)), we hav eE(XB事)- Ev
l
1
7(X)･
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Let x - (xl, X2, . - , Xn), Y - (Yl, Y2, ･ - , Yn)∈ g
n
with Xt≦ Y( i - 1,2, ･ ･ ･ , n)
p- a .s. . T hen, by indu ction on k, we c a n ea sily prov e that γ
n
k(X)≦γ芸(Y) fo r
k - n
,
n - 1
,
.
. .
,
1. T hu s
,
w eget
E(X8*) - E(γ7(X))≦ E(γ7(Y))- E(Y6･),
whichsho w sthe mopotonicity of ∂
*
･ Fo rZ - βX ＋(ト β)Y(β∈[0,1】), w e have
E[Z叫去】- pE[x8*(Z)]＋(ト β)E[Y8*(Z)]
≦βE[x8.(X)]＋(ト β)E[Y8*(Y)],
where Z - (Zl,Z2, - ,Zn). T his show sthe c onv e xity of ∂
*
･ □
By Le m m a3･1, w e obs e rv ethat ∂
* is a n optim al stoppln3 tim e fun ctio n･ Fo r
simplicity, w eass um e th
_
e seque n c e ofperc eptio nfu nctio n sX - (kl,i2, ･ ･ I ,克)is
indepe nde nt with e a ch X,(i - 1,2, ･ ･ ･ , n)･ The n, in th～ e follo wingtheorem it willbe
sho wn that the optim al fuz zy per c eption valu eE xa牛 is gl V e nby the ba ckw ard
rectlrSive equ ation:
y
-
Z - E Xn,
y
～
f,
I
- E mT {x〈Xk,y
-
Z.1) (k - ” - 1, ･ ･ ･ ,2,1)･
sin c ethe α二c ut ofv
-
n
kin(3.2)c an be denoted by
y
-
Z･,α - [y
～
;- ',;,y
-'
k
7
:
,吉】 (k - 1,2, I - , ”),
then
,
the α- c ute xpr e ssio nof(3.2)is a sfollo w s:For α ∈[0,
'
1],
y
～
:宕 - 喝 ∝
γ琵 - E- a x〈卿;ii.r,,a〉(k - ” - 1
L
,
･ ･ ･ ･2,.)･
(3.2)
(3･3)
～
Tll E O R E M2 ItholdsthatE X8･ - y
～
7･
pr oof: By(3.2)and(3.3), w eha v ethat,fo r α∈【0,1],
私 -[触 {希∝,佑l,,α)
～
, E - a x(恥;i-
'
･ 1,,a)]
-[E m ax鳴 m
-,
(
7
k . .,(Xa
-
)),E m a*(払 ‰り(i:))]
yher ey
'
(
7
k＋l)(Xa
-
)a ndγ7k. I)(X
～
r:)ared 劫 ed in(3･1)･ Ap plyingT he ore m2･1, w eget
(E私)α - (軌 I T hu s, Eみ - y
-
7, a s■r equired･ □
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1
I
l
l
I
I
l
I
I
l
l
l
l
l
J
l
l
l
l
l
l
I
l
l
I
0
Xt - Yt Xt Xt ＋ Zt
Ft
'
gu rel･ The fuzzy perceptionA/ - (yt,x,, z,).
As a n u m e ric ale x a mple, we willco mpute the optim al fuz zy perception v alu efo r
the per c eptio n stopplng Pr oblem des c ribed byslmPletria ngularfu zzy n u mbers. T he
tria ngula rfu z zy n u mber(a, m ,b)with a > 0 a nd b> 0isgiv en by
(a, m ,b)(x) -〈
m a x((x - m ＋ a)/a,0) if x ≦ m
m ax((x - m - b)/b,0) ifx > m .
O bvio u sly, the α-c ut of(a, m ,b)is
(a, m ,b)α -【m - a(1 - α), m ＋b(1 - α)】 ?∈【0,1]･
Let 身 - (fl,if2, ･ ･ - ,fn)be ind
_
epende nt andidentic ally distributed s equ ence of
fu zzype r c eptio nfunctio n s with Xt - (Yt, Xt,Zt)(i - 1,2, I . . ,”).(See Figu re1). W e
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assu m e that X( - U[0,1]and Y', Zt - U[0,1/2](i - 1,2, ･ ･ ･ , n), wher eX - U[a,b]
(a < b)m?ansthat the distributio n of Xis a u nifo rm distri bution on[a,b].
T he optlm al fuz zy pe rc eption valu e 且Ⅹ∂* - y
-
I
.
7is co mputed re c u rsively by(3.3),
wbicb isglVen aSfわllo w s.
碓a
-
- (1＋ α)/2,v
-
,7:a
＋
- (3 - α)/2
y
～
^
n
･
'
,言 - E m ax(Xk - (1 - α)Yk,V
I7
(
'
ill),α)
v
-
l
7
･
'
.
: - E m ax(Xk ＋(ト α)Zk,V
-
7k
'
.I),α) (α ∈【0,1],k - n - 1, n - 2, ･ ‥ ,1).
The gr aph ofv
-
'
l
7(n - 1,5,20)ev alu ated by Maple 7 is sho w nin Figur e2, a nd w e
obs erv ethaty
～
fois c on cave onitslefトside slope and c o n v e xonits right-side slope.
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